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Shape Optimization of Metamaterials for Wave Control

Mohamed Habeebulla Khazi'; Heedong Goh, M.ASCE?; and Loukas F. Kallivokas, M.ASCE?

Abstract: We are concerned with the engineering of user-defined band gaps in periodic structures. Using a hollow unit cell as a prototype
problem, we describe a systematic framework for the shape optimization of unit cells by suitably adapting the framework we had developed
earlier for material optimization of unit cells. In contrast to most developments to date, we drive the optimization using a group-velocity-based
objective functional, constrained only by the unit cell’s dispersive behavior, where the latter is expressed in terms of the associated quadratic
eigenvalue problem: perfect gaps result at user-defined frequency ranges. The framework can be used not only to engineer omni-, uni-, or
multidirectional gaps but could accommodate other wave-control objectives, as long as such goals can be expressed in terms of the group
velocity. To exemplify the development, we parameterize the hollow cell’s trial cavity shape using newly developed specialized elements with
ct continuity along the cavity boundary and seek to uncover its shape parameters by forcing the vanishing of the group velocity at discrete
frequencies spanning the target band gap, subject to the underlying dispersion relation. We use the unit cell’s Floquet—Bloch eigenvalue
problem to describe the dispersion constraint and appeal to the Hellmann—Feynman theorem to relate the group velocity to the Floquet—Bloch
eigenpair. In this manner, a user-defined band gap objective is directly connected to the design shape variables, while, and rather importantly,
the choice of a group-velocity-based objective functional ensures the synergy of Bragg and local resonance behavior in spanning the target
band gap. We resort to a gradient-based scheme to resolve numerically the first-order optimality conditions while appealing to the Reynolds
transport theorem to address the evolving shapes and changing geometric domains during inversion iterations. Numerical experiments in
two dimensions confirm that the shape-optimized unit cells attain user-defined, omnidirectional band gaps. The developed design process is
capable of tackling complex metamaterial design problems and yield metamaterial assemblies that enable applications in noise mitigation,

seismic shielding, and cloaking. DOI: 10.1061/JENMDT.EMENG-8680. © 2026 American Society of Civil Engineers.

Introduction

The term “metamaterial,” coined by Rodger Walser in 1999
(Ziolkowski 2014), was introduced to describe materials with
properties surpassing those of natural or conventional materials,
thereby earning them a “meta” status (from the Greek, meaning
beyond). “Meta” capabilities related to wave propagation were
studied much earlier by Rayleigh (1887) in the context of periodic
structures. The first application of the term “metamaterial” was
proposed by Smith et al. (2000) while studying electromagnetic
scattering in a periodic medium, even though the existence of such
materials had been predicted much earlier by Veselago (1968).

A particular aspect of a material that could earn it “meta” status
is the exhibition of band gaps, even though band gaps arise rather
commonly in periodic structures, notably in cases where, for exam-
ple, the structure consists of the periodic placement of identical unit
cells containing inhomogeneities: owing to the periodic structure’s
dispersive properties, the band gaps, i.e., frequency ranges over
which wave propagation is arrested, arise naturally.
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Band gaps have applications in many fields, including electro-
magnetics (Yablonovitch 1993), acoustic and elastic wave propaga-
tion in periodic heterogeneous media (Sigalas and Economou 1993;
Kushwaha et al. 1993), noise abatement (Palma et al. 2018; Gao
et al. 2022), optical cloaking (Cai et al. 2007; Alu and Engheta
2008), vibration isolation (Richards and Pines 2003), and seismic
shielding (Casablanca et al. 2018; La Salandra et al. 2017). Given,
in particular, the recent advances in 3D printing technologies,
and more generally, in technologies that enable the fabrication of
intricate structures at diverse length scales, it is of interest to be able
to systematically design metamaterials whose dispersive behavior,
including band gaps, is user-controlled.

In general, two mechanisms promote band gaps, typically refer-
red to as Bragg resonance and local resonance. Bragg resonance
results from the destructive interference of waves due to geometric
scattering and occurs at wavelengths comparable to the unit cell’s
spatial periodicity [see the seminal work by Brillouin (1946)]. On
the other hand, narrow band gaps can arise due to the presence of
inclusions that act as local resonators (Deymier 2013; Kaina et al.
2013). Such gaps open in the vicinity of the natural frequencies
of the resonators (at the antiresonances) are highly localized but
can be widened if multiple local resonators with closely spaced
antiresonances are appropriately arranged within the unit cell or
periodic medium (rainbow effect). In most cases, it is the synergy
between Bragg and local resonances that leads to the creation of
wide band gaps. Notably, local resonators can play a significant role
in generating subwavelength effects.

Thus, an effective strategy for designing metamaterials to exhibit
user-defined band gaps ought to account for both mechanisms
(Bragg and local resonance), since relying disproportionately on
one mechanism over the other would likely fail to fully or perfectly
span a target band gap, as evidenced in related attempts (Krushynska
et al. 2017; Lee and lizuka 2019). We also note that it is common to
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ascribe local resonance effects mainly to proud structures, that is, to
objects protruding from the medium supporting wave propagation
(Wu et al. 2024; Guzman et al. 2022); it is equally common to
optimize the characteristics of such proud local resonators in an
attempt to engineer band gaps (Pillarisetti et al. 2025; Guzman et al.
2024; Jung et al. 2020). However, local resonance behavior is not the
sole purview of proud structures, as it could also arise by the mere
presence of inclusions within the medium: ideally, a systematic
design approach should account for any source of local resonance
behavior, irrespective of its origin.

To engineer a medium to exhibit band gaps driven by the
synergy of all gap-generative mechanisms is tantamount to engi-
neering the medium’s dispersion relation. Since the dispersion
relation depends solely on the medium’s geometric and material
properties, modifying it necessitates engineering the medium’s
properties—either its geometry, its material properties, or both—
in order to achieve a specific wave-control design goal, with
user-defined band gaps being only one of several possible wave-
control objectives. The engineering of material properties for
band-gapping, and the associated inverse medium problem for a
unit cell, was recently addressed in Goh and Kallivokas (2019a,
b) and Ma et al. (2022) for 2D and 3D scalar wave problems, and
in Goh and Kallivokas (2020) for elastic waves in 2D. In contrast,
here, the focus is on engineering the unit cell’s geometry in order
to achieve band-gapping of propagating waves at user-defined
frequency ranges.

Seeking to optimize the geometric characteristics of a unit cell,
whether in terms of embedded, singly or multiply-connected inclu-
sions and/or cavities, or in terms of the shape of local resonators
adorning the unit cell, or even the topological arrangement of cells,
has been pursued using various approaches. Among them, we note
level-set approaches (Kao et al. 2005), evolutionary algorithms
(e.g., ESO/BESO and genetic algorithms) (Li et al. 2016; Shen
et al. 2003), and the more systematic approach Solid Isotropic
Material with Penalization (SIMP), proposed by Sigmund and Jensen
(2003). SIMP relies on pseudodensity design variables to express
material properties: using SIMP and a given design objective, a
shape is optimized when the pseudodensity variable attains extreme
values leading to material removal. Since then, many studies have
utilized SIMP-based shape optimization (Swartz et al. 2021; Dalklint
et al. 2022). However, most of these focus primarily on band gap
maximization, e.g., (Qian and Sigmund 2011), without the ability to
systematically and holistically design metamaterials for user-defined
band gaps. In this paper, we propose a systematic approach to fill
this gap, building upon the process introduced in Goh and Kallivokas
(2019a, b), to develop a streamlined and efficient shape optimization
framework for designing metamaterials exhibiting user-defined band
gaps, while accounting for the Bragg-local-resonance synergy in a
manner transparent to the user.

Accordingly, to design for the properties, whether material or
geometric, and to engineer the dispersion relation (or, equivalently,
the band structure), it is necessary that the associated eigenvalue
problem (EP) of a unit cell be solved. There are two possible ways
to cast the EP: either as a linear EP in the circular frequency; or as a
quadratic EP (QEP) in the wavenumber. Most developments use the
linear EP, solve for the circular frequencies, but then the connection
of the eigenfrequencies to the target gap is rather tenuous, leading
to ad hoc strategies (e.g., Wang et al. 2025). In contrast, here
we rely on the QEP, solve for the wavenumbers, and connect
directly the eigenpair (eigenvalues and eigenvectors) to the band
gap objective by means of the group velocity. The vanishing of
the group velocity, expressed in terms of the QEP’s eigenpair, over
the target gap frequencies, overcomes the shortcomings of current
methodologies by directly connecting the design variables to the
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band gap objective, while ensuring the synergy of Bragg and local
resonance effects, affording tight control to the user-defined band
gap objective while, as will be demonstrated, resulting in perfect
gaps: this approach to band-gapping constitutes one of the main
contributions of this communication.

To highlight the approach, we assume throughout that the unit
cell is a square with prescribed background material properties
and contains a fully embedded, singly-connected cavity. Our
goal is to engineer the shape of the cavity so that the periodic
arrangement of the unit cells results in one or more user-defined
band gaps. The case study, though simplistic in its geometry, is
an ersatz for more complex wave-control metamaterials design
problems, as it provides a concise and compact way for linking
the design variables, the dispersion relation, and the wave-control
design objective.

To this end, we define an objective functional in terms of the
group velocity defined over the band gap frequencies, subject
to the underlying wave physics of the periodic medium. As
discussed, the physical behavior is captured by the dispersion
relation, which, is, equivalently, expressed through the associ-
ated QEP. The latter serves as a design constraint. Thus, it is
natural to define the problem’s Lagrangian by augmenting the
objective functional with the imposition of the QEP via Lagrange
or adjoint variables. This formulation transforms the problem
into an unconstrained optimization problem, where the design (or
inversion) variables define the cavity’s shape, or, in more general
settings, the shape to be optimized. Due to the periodic nature
of the problem, it is sufficient to formulate the optimization
problem over a single unit cell, while incorporating periodicity
conditions appropriately.

We then seek to find a stationary point for the Lagrangian by
enforcing the first-order optimality conditions using an adjoint
method (Ghattas and Willcox 2021; Kallivokas et al. 2013). This
process results in a state problem, an adjoint problem, and a
control problem, which are solved iteratively until the objective
functional encompassing the desired band gap goal is satisfied.
At each inversion iteration, the design variables, i.e., the cavity’s
shape parameterization, are updated. Since the cavity’s shape
evolves during each iteration, its progression resembles a moving
boundary, which we address using Reynolds transport theorem
(Leal 2007).

To numerically solve the associated state and adjoint prob-
lems, we employ finite elements. A key concern is maintaining
a smooth cavity shape throughout the inversion process, since
the presence of sharp corners disrupts smooth updates of the unit
cell’s band structure (i.e., the dispersion relation), aggravating
convergence to the design goal. To address this, we develop new
Hermite-enriched, triangular finite elements, inspired by similar
developments in Sauer (2011), which ensure c! continuity along
the cavity’s boundary.

The rest of the paper is organized as follows. In the next sec-
tion, we introduce the key elements of the shape optimization
framework, beginning with the forward problem, and followed
by the inverse problem and its implementation, which also
includes the details of the unit cell’s shape parameterization.
This section also provides technical details on the newly devel-
oped mixed-continuity triangular elements, and formulates the
metamaterial shape design as an inverse problem. The subse-
quent section focuses on the numerical implementation of the
inverse problem, detailing the numerical tools used to solve
the forward, adjoint, and control problems. Next, three numer-
ical experiments demonstrating omnidirectional band gaps are
presented. Finally, the last section summarizes the main conclu-
sions of the study.
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Fig. 1. Typical periodic structure and unit cell geometry.

Shape Optimization Framework

We discuss first the mathematical formulation of the proposed
framework for the shape optimization of the unit cell.

The Unit Cell’s Eigenvalue Problem: The
Dispersion Relation

Consider the periodic structure depicted in Fig. 1, which results from the
periodic placement of the unit cell, shown in the figure’s inset, on the
plane; the unit cell contains a singly connected cavity.

When the periodic structure is illuminated/insonified by
propagating waves, the resulting displacement field U(x) satis-
fies the scalar Helmholtz equation:

V- [u(x) VU®)] + ?p(x)U(x) =0, V x € R? (1)

where w denotes circular frequency; and p(x) and p(x) are the shear
modulus and mass density of the host medium, respectively. As cast,
Eq. (1) describes the propagation of SH waves (shear waves, hori-
zontally polarized) in two dimensions. With minor modifications,
the same mathematical framework can also be applied to the acous-
tic/phononic case, i.e., to the propagation of sound waves. Due to
the medium’s periodicity, the following holds:

5 2
M(x + Z mil’i) = p(x) and p(x + Z mipi) = p(x),

i=1 i=1

where p; = the primitive vectors defining the periodicity in the ith
direction; and my; = an arbitrary integer defining a unit cell’s place-
ment in the periodic structure. For a unit cell in two dimensions,
with primitive vectors p; = (1,0) and p, = (0, 1), then, for exam-
ple, m; = 3 and my = 4 would be referring to the unit cell’s (3,4)
position in the infinitely periodic planar structure (Fig. 1).

By virtue of Bloch’s theorem (Ashcroft and Mermin 1976), the
general solution of Eq. (1), under the periodicity conditions of
Eq. (2), becomes

U(x) = u(x)e’ 3)
where k is the Floquet-Bloch wavevector, and the displacement-like
quantity u(x) is also periodic with the same periodicity as the unit

cell, that is, u(x) € W, where
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2

W= {u € Hl(chll)lu(x) = ”(x + Z mipi) Vx € chll} 4

i=1

and )..; denotes the area occupied by the unit cell. Substituting
Eq. (3) into Eq. (1) yields the eigenvalue problem defined over the
unit cell Q.y, which can be expressed in weak form as

f [( —ikdy + VD) - p(ikdu + Vi) — ¥ puldQ =0  (5)
ﬂc:sll

where v € W = a test function; an overline ( ) = the complex con-
jugation of the subtended quantity; and k = k - d = the wavevector
component in a direction of interest d.

As discussed in the introduction, there are two approaches one
can follow in solving Eq. (5) for the unknown eigenvalues (W?ork),
and the unknown eigenfunctions (u): Eq. (5) could be viewed as a
linear EP in w? for a given k, or, alternatively, it could be viewed as
a QEP in k for a given w. The latter approach is preferable when
inverting/designing for band gaps, and it is adopted herein. As dis-
cussed in Goh and Kallivokas (2019b), a band gap arises when Im{k}
is nonzero, or, equivalently, when the discriminant of the QEP’s
coefficients is negative, or, when the associated group velocity van-
ishes: any of these metrics could potentially be used when formu-
lating the cavity shape optimization problem. In contrast, the band
gap condition obtained from solving the linear EP cannot be easily
translated into a mathematical constraint suitable for inversion,
without the aid of additional constraints [see, e.g., (Jung et al. 2020;
Wang et al. 2025), where the objective functional is defined in terms
of the central gap frequency].

Thus, using Eq. (5), the QEP problem statement is to find the
eigenvalue k € C and the eigenfunction u € W \ {0} for a given

w,andd € IRZ, such that the following condition can be satisfied:

P(k)(v,u) = ag(v, u) + kay(v, u) + kzaz(v, u)=0 (6)
where

ag(v,u) = / [VV- 1V — w?DpuldQ (7a)

cell
al(v,u)=i‘/;2 [VV-pudu —dv - pVuldQ (7b)

cell
ay(v,u) = _/;1 dv - pudud (7¢)

cell

In physical terms, the QEP P(k)(v,u), expressed by Eq. (6),
fully describes the underlying wave propagation physics, and, by
extension, the unit cell’s and the periodic structure’s dispersive
properties. In effect, the QEP in Eq. (6) is the unit cell’s disper-
sion relation.

Band Gap Objective and Its Relation to the
Group Velocity

In a dispersive medium, waves of different frequencies propa-
gate as wave packets at differing velocities. A band gap arises
when the velocity at which a wave packet travels vanishes
for a specific frequency or range of frequencies, i.e., the band
gap. The objective of the unit-cell optimization/inverse problem
is to determine the cavity shape for which the group velocity
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Vv, vanishes within one or more user-desired frequency ranges.
Mathematically, the vanishing of the group velocity v, is sought,
for trial unit-cell cavity shapes, through the minimization of the
objective functional M, defined as

Ntrcq Ndlr mndu

min M = mmz Z Z 51V, - )’ ®)

where Npreq, Ngir, and Npoq. represent the number of frequencies,
directions, and modes, respectively, over which the group velocity
(Vg)a,  (along a direction d ) ought to vanish in order to realize the
desired band gap; the indices «, (3, and v denote an individual fre-
quency, direction, and mode, respectively.

Group Velocity and the QEP’s Eigenpair

To address the shape optimization problem, it is critical that a connec-
tion be established between the group velocity objective of Eq. (8),
and the dispersion relation captured by the QEP; the QEP is also a
function of the unit-cell’s properties and, thus, of the geometric/shape
parameters of interest. To this end, we turn to the Hellmann-Feynman

theorem, as adapted in Goh and Kallivokas (2019a). Accordingly,
the group velocity v, along a given propagation direction d, can be
expressed in terms of the eigenpair (eigenvalue and eigenfunctions) of
the QEP as (subindices «, (3, and -y have been temporarily suppressed
to reduce notational congestion)

Uy = Vg d
dw ay(u, u) + 2kay(u, u)
- Re { ak} Re{  2wag () }
ar(u, u) + 2Re{k}ay(u, u)

= -5 ’ 9

2wag 5(u, u)

where a1 and a, are defined in Egs. (7b) and (7c), respectively, and

%ww=—kvmm (10)
cell

Consequently, the minimization statement in Eq. (8), using the
group-velocity-QEP relation in Eq. (9), can be recast as

Nfrequermode a (M } u. N) + zk a (l/t u ) 2
min M = mlnzz Z %[ { Lo f b e Y }] (11)

Eq. (11), for a given range of frequencies, directions, and modes,
describes the user-defined band gap objective in terms of the
eigenpairs (K, 3, +» Uq, g, -) Of the unit cell’s QEP.

Lagrangian and the Dispersion Constraint

The minimization of the group-velocity-driven objective func-
tional M in Eq. (11) is subject to the governing wave propagation
equations, which serve as a constraint in the minimization prob-
lem. While in PDE-constrained optimization (Lions 1971), it is
the PDEs that serve as the constraint; here, equivalently, we opt
to use the unit-cell’s dispersion relation as the physics-based
constraint. Accordingly, using Eq. (6), we define the dispersion
constraint as

Nfreq Ndir Nmode
D = Z Z Z Re{P(ka, B3, 7)(‘)(1, B,y M(,v, 3, 'y)}
a B v

Nfreq Ndll’ mode

2P

ga d'y

[ax(utg, 6, 4 o, 8,7) — 1] (12)

where the second term is an orthonormality condition that has been
added, using adjoint variables &, in order to render the eigen-
functions u, g , unique.

Next, we turn the constrained minimization problem into an
unconstrained optimization problem by constructing a Lagrangian
L through the side imposition of the dispersion constraint D to the
objective functional M, which results in

LB,y

‘c[ua,ﬁiﬁ/’kasﬁ’ﬂf’Va’ﬂ”}”gasﬁ’ﬂf;s]
=M [ua,ﬂ,'y’ka,ﬂ,"/;s] +D[ua,ﬁ,'y!ka,3,’7’Vﬂ,ﬂ;"/’ga,gﬁ;s]
(13)
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2(,0&610’2(“&’ B,y ua, 3, ’y’)

where s = the vector of the cavity’s shape parameters. Consequently,
we seek to resolve the cavity’s parameterization s by minimizing
the Lagrangian £, using a gradient-based approach, the details of
which are elaborated in the next section.

We note that since we are interested in solving for & in the QEP
[Eq. (6)], all computations for the unit cell of the periodic structure
shown in Fig. 2(a) are carried out in the wavevector or reciprocal
space, as illustrated in Fig. 2(b). The reciprocal space is defined by
the reciprocal primitive vectors ¢;, which are related to the primitive
vectors of the physical space p; via p; - ¢; = 27¢;;, where 6;; denotes
the Kronecker delta; the Brillouin zone shown in Fig. 2(c) i 1s the unit
cell of the reciprocal lattice. Conversely, the shaded region, also shown
in Fig. 2(c), is the irreducible Brillouin zone (IBZ), i.e., the smallest
subregion of the Brillouin zone that captures the complete dispersive
behavior without loss of information. The edges of the IBZ correspond
to the high-symmetry lines I' — M, I' — X, and X — M.

For a symmetric unit cell geometry, enforcing zero group velocity
along the high-symmetry lines of the IBZ ensures omnidirectional band
gaps. However, during inversion iterations, the unit-cell’s geometry
is changing, resulting in asymmetric configurations, thus affecting
the IBZ. In our numerical experiments, we observed that enforcing
the vanishing of the group velocity along the high-symmetry lines
only, resulted in configurations that realized the gap only along the
high-symmetry lines but not over the entirety of the Brillouin zone.
To overcome and to ensure omnidirectional gaps, we require that the
group velocity vanish along multiple directions spanning the entirety of
the Brillouin zone. One possible approach for accounting for multiple
directions is illustrated in Fig. 3, which consists of 16 independent
directions (24 directions are shown, with eight overlapping).

Inverse Problem

To resolve the cavity’s shape, we seek a stationary point for
the Lagrangian £ in Eq. (13), in order to satisfy the vanishing
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Fig. 2. Typical periodic structure comprising nine-unit cells: (a) in physical space; (b) in reciprocal space; and (c) unit-cell Brillouin zone, and

irreducible Brillouin zone (IBZ).

Fig. 3. Diagram illustrating the division of a unit-cell’s Brillouin
zone into eight distinct zones to promote omnidirectional band gap

Z—fi =0, i=12,..,N, (14¢)
where s; = the ith component of the cavity shape parameter vector
s; and N, = the total number of parameters. The first optimality
condition [Eq. (14a)] yields the state or forward QEP problem, in
which we find k € C and u € W \ {0} for a given w € R, given a
trial cavity shape defined by the shape parameter vector s. The state
problem, using Eq. (39) (Appendix I), can then be expressed as

oL

S =0=PH)(.u), YVeEW and (15a)
% =0= %[az(u,u) —-1], VéeR (15b)

The second optimality condition [Eq. (14b)] corresponds to the
adjoint eigenvalue problem, where we seek £ € R and v € W
for given w € R and s € R™, using k € C and u € W\ {0}, as
previously computed by solving the state problem Eq. (15a). The
adjoint problem, using Eqgs. (40) and (41) (Appendix I), is then
expressed as

designs. oL _ 0= P(k)(v’ﬁ)+§a2(u’ﬁ)_al(u,u)+2Re{k}a2(u,u) ;
bu wag »(u,u) §
, 2Re{k , - -
a (1) +2Ref }ai(u u)ao,z(u,u)v, Y #eWW and
of the group velocity over the user-defined band-gap objective, wlagx(u,u)]
while also enforcing the dispersion constraint. To this end, (16a)
we require that the following first-order optimality conditions
be satisfied - - k -
3L _ 0 = kay(v, u) + 2kkay(v,u) — Mvg, VkeC
ok wag »(u, u)
5L _ AL _ (16b)
5 = 0, 36 = 0 (14a)
Last, the third optimality condition [Eq. (14c)] defines a
SC or control problem, which we use to update the design variables
e 0, 3k 0, and (140) (cavity shape parameters) in s € R, where s; denotes the
© ASCE 04026043-5 J. Eng. Mech.
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Q

cell

Fig. 4. Evolving cavity boundary during inversion iterations.

ith component of s. To obtain the control problem, we use the
reduced gradient of L as

d. _dM  dD
8 = d_Sl - dS + == ds (17)
In general, the most complete evolution of the boundary should
allow boundary nodes to move along two possible directions in 2D
(e.g., tangential and normal to the boundary). However, for small
increments, it is sufficient to constrain the boundary updates such
that any x € I', moves only in the direction perpendicular to the
boundary, i.e., along the outward normal vector, n. In this case, we
replace x with x
r=n®n)x, Vxel, (18)
During each inversion iteration, the cavity’s boundary
evolves, thereby altering ..y, the unit cell’s domain exterior
to the cavity’s boundary (Fig. 4). Consequently, to account
for the geometry’s evolution, domain and boundary integrals
must be evaluated as if the domain and its boundary were
“moving” in time. To this end, we treat the inversion iterations
as pseudotime, compute the rate of evolution of the shape
parameters between two inversion iterations, and apply the
Reynolds transport theorem to compute the various integrals
over the now-evolving domain and its boundaries.
The Reynolds transport theorem, expressed in terms of pseudo-
time, suggests that

d 9f) ,
—_ $)dS) =
ds; chu(s)f() / Qeen(s) as

where f = a scalar function; n = the outward normal vector on the
boundary I';; and w; = the corresponding evolution velocity (or
pseudovelocity) describing the cavity’s motion from T, to I%
(Fig. 4), that is

+/ w; - nf(s)dl’ (19)
T(s)

_ox _ Ox
Wf‘as,.‘(“®“)as,’ VxerT, (20)

Application of Reynolds theorem when deriving the reduced
gradient of the Lagrangian £ [Eq. (17)], using Eq. (19), results in
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M _ »
ds; 8 wag (U, u)

M [Re{ a(u, 3 — 2Refkar(u, 3 }

—bi(u, )y, — 2Refk}by(u, w)r,
2wag H(u, 1)

al(u u) + 2Re{k}ay(u, u)a ; du
wlag o (u, w)]? “A\7 o

al(u u) + 2Re{k}a,(u, u) b
2w A ”)F}

—az(u u) dk ”

wao wag (u, 1) 3s; @h

and

- frofgs )]
+Re{P(k)<v, 3 >+ §a2<u, 21:1)}
+Re{bo(v, ), + kbi(v,u)r, + K°b5(v,u)r}
+Re{§b;(u, u)rc}

+Re{ 3. ar(v,u) + 2kg —a(v, u)}

+Re{§—£%[a2(u 0 — ]} 22)

Substituting Eqgs. (21) and (22) into Eq. (17), while taking into
account the state Eq. (15) and the adjoint Eq. (16), the components
of the reduced gradient g; reduce to

[ —Refbi(w, ).} — 2Re{kIRe{by(u, )y}
§i= Y% 2wag H(u, u)

o ay(u, u) + 2Re{k}ay(u, u)
N 2l )P
+Re{bi(v, wr, + kb (v, wr, + Kbh(v, wr }

)(Re{bé,z(u, wr,})

+Re{§b§(u, u)rc} (23)
where

bi(v, wr, = /1: w; - n{ Vv uVu—w?vpuldl (24a)

Bi(v, u)r :i/ w;-n{V- pudu —dv - pVuldl (24b)
c FC

by(v,u)p = f w; - n{dv - pdu}dl (24c)
C FC
b (v ) = — / w; - n{vpu}dl (24d)
c FC
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Finally, the group velocity term is substituted from Eq. (9) into the
state [Eq. (15)], adjoint [Eq. (16)], and control [Eq. (23)] problems.
Details on the computation of the pseudovelocity product w; - n can
be found in Appendix II.

Inversion Process

Once the control problem is solved, we update the boundary I',

based on the reduced gradient of L. Let s denote the shape
parameters at the /th inversion iteration; then, the shape parameters
for the next iteration are given by

s¢+D =50 4 ¢r® (25)

where r¥ = the search direction; and ¢ € R = the step length. We
employ the Polak—Ribiere conjugate gradient method (Quarteroni
et al. 2010); accordingly

[l‘(l)]i
g, =0

DM _ (-1,0

- + max{o0, 208 8 — 28 L= V], 1> 0
l Z.g(_l—l)g(‘l—l) !
JS] J

(26)
where

o _dL

8 = ds,- (27)

¥0)

The Armijo backtracking algorithm is used to determine (
(Quarteroni et al. 2010). Notably, any update of the design
variables s requires remeshing the domain when evaluating the
misfit functional M at each step of the backtracking algorithm.
Once an update for the shape parameters s is obtained that
reduces the misfit M, the process continues iteratively until
reaching the target shape that satisfies the objective, with M
either reducing to zero or attaining a value smaller than a
preset tolerance.

Cavity Shape Parameterization

The dispersive behavior of the cavity-endowed unit cell depends
on the smoothness of the cavity boundary. We have found that,
in general, a cavity boundary exhibiting multiple sharp kinks can
hinder convergence. Thus, it is desirable that the cavity boundary

maintains C* continuity during inversion iterations.

<X, 1)) (0, 1)

(X, 1)

s ¢
1 2
X (X3’ Y3) (07 O) (15 O)

Fig. 5. Hermite-enriched triangular element.

e, elements
e, elements

Unit cell
domain, Q_;

e, elements

Cavity

Fig. 6. Mesh detail showing Hermite-enriched elements baring a trace
on the cavity boundary.

Moreover, since we use finite elements to discretize the state
and adjoint problems, and due to the irregularly shaped domain
exterior to the cavity, structured meshes composed exclusively
of quadrilaterals are impractical. Therefore, we opt for triangular
meshes consisting of, for example, standard linear triangles. How-
ever, linear triangles exhibit c® boundary continuity only. To endow
ct continuity with the triangle’s edge along the cavity boundary, we
employ Hermite polynomials to approximate the edge’s geometry,
as depicted in Fig. 5. We note that, when meshing, we ensure that
all triangles with traces on the cavity boundary are mapped such
that the element’s trace on the cavity boundary always corresponds
to the 2-3 edge. The concept of elements of mixed continuity
has been previously applied to contact problems, where one edge
of a standard bilinear quadrilateral was approximated using a
Hermite polynomial (see Sauer 2011). Alternatively, one could use
isogeometric analysis (Hughes et al. 2005) to achieve C ! or even
higher, continuity along the cavity boundary, at moderately higher,
but still inconsequential, computational cost; we opted for standard
finite elements because of their wider availability in existing codes.

We note that we reserve the Hermite-enriched triangles only for
those elements ¢, of the mesh with a trace on the cavity’s boundary
I'., whereas the remainder of the domain is meshed with standard
linear triangles (elements e,) (see Fig. 6).

To accommodate the Hermite-enriched triangle and enforce
c continuity on the cavity boundary, we introduce the compo-
nents of the tangent vector at nodes 2 and 3 as parameters
additional to the nodal coordinates. Accordingly, for an element

6 -

3 4

2 -

0
M ' | i

Fig. 7. Example 1: real part (Re{k}) of band structure of a circular cavity
(initial guess); the shaded zone is the target band gap.
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Fig. 8. Example 1: shape evolution for an omnidirectional target band gap of 3.0 to 4.0 during various iterations / = 0, 3,6,9,12,15.
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Fig. 9. Example 1: real part (Re{k}) of band structure of the optimized cavity shape along 24 directions, displaying the target omnidirectional band

gap in the range of 3.0 to 4.0.
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e € ¢, a point x(x,y) in physical space, inside or on the boun-
dary of element e, is mapped onto the master element space
(&,m), such that

x(é.’ 77) ~ T X
,n) = =% (&, - 28
x(&m) [y(f,n)] 63 n)[Y] (28)

where ‘i’(f, 1) = the Hermite-enriched shape functions, defined as

@(55 77) = [1\71(5’ 77) ]\72(65 77) 1\73(5’ 77) I:IZ(& 77) I:IS(& U)]T (29)

with
MEm=1-¢-1 (30a)
No(&m) = £+ né = 11) (30b)
N3y&m) =01 +né— &) (30c)
Hy(&m) = L€’ (30d)
Hy(&n) = — Lap€ (30e)

The vectors X and Y are vectors of nodal parameters

< T
X = [Xl X5 X3 Ix, tX3] 3la)
& T
Y=[V1Y, Y3ty ty] (31b)
where X;...Y3 are the nodal coordinates of the triangle’s vertices in
physical space; and 7y, fy,, and 7y, and fy, are the components of
the tangent vector at nodes 2 and 3, respectively (Fig. 5). The four
tangential components are not all independent, since t;Z(Z + t%/z =1
and t;z(s + t)2/3 = 1. In Eqgs. (30d) and (30e), L, is the chord length

between boundary nodes 2 and 3, given by

L, =Xy — X3)* + (Yo — Y3)? (32)

Conversely, for an element e € ¢;, standard linear shape func-
tions are used to approximate the geometry. We note that the
Hermite-enriched boundary-only triangles developed herein are
super-parametric: only the geometry is approximated using the
shape functions of Eq. (30), while the state and adjoint fields are still
approximated using standard linear shape functions. By adopting
Hermite-enriched triangles only for those triangles with traces on
the cavity boundary, the cavity’s boundary is fully defined by the set
of nodal coordinates and the components of the tangent vectors at
the nodal points [Eq. (31)]. Therefore, the unknown shape variables
consist solely of the set of nodal coordinates and components of the
tangent vectors at the cavity’s nodal points corresponding to nodes
2 and 3 (Fig. 6); for a single element, the vector s, of inversion
variables becomes
]T

s.=[Xa Y2 X3 Y31y, ty, tx, ty, (33)
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Consequently, the vector of design variables s is

s= Us, 34)

€p

Upon convergence, the last instance of s describes the cavity’s
(smooth) shape, and the unit cell’s geometry, exhibiting the user-
defined band gap(s).

Numerical Implementation

To resolve the outlined inverse problem, a parallel code is devel-
oped that uses PETSc (Balay et al. 2016) and SLEPc (Roman
et al. 2016; Campos and Roman 2016) for the QEP solutions.
We employ Gmsh (Geuzaine and Remacle 2009) for triangular
mesh generation, for the initial unit cell geometry and after each
inversion iteration. We note that, for the 2D problem at hand, the
bulk of the computational cost is associated primarily with the
adjoint solutions (dense matrix), and secondarily with the QEP
solutions; by comparison, the remeshing operations represent a
tiny fraction of the overall cost. Challenges such as intersecting
boundaries or domain breaches due to parameter updates are
addressed by selecting a suitably small step length (, ensuring
smooth updates and high-quality mesh generation. The metamate-
rial inverse design process is summarized in Algorithm 1.

Algorithm 1. Inversion process for metamaterial shape design
1: Sample the target band gap at discrete frequencies, directions, and
modes

: Define the material properties p and p

: Set the error tolerance &

: Set the initial search length

: Initialize the geometry of the unit cell, initial cavity shape, Q..

: Mesh the unit cell domain, §2.g

: Initialize the iteration counter / < 0

Hor | M1 =Ml > e |[M;ll do

: Solve the state problem and compute M,

> Eq. (16)

> Eq. (23)
: Obtain the search direction (e.g., conjugate gradient method)

N N e NIKY I NI Y

> Egs. (11) and (15)

—
j=]

: Solve the adjoint problem

—
—

: Compute the reduced gradient of £

—
W N

: Update the geometry of the unit cell (€2.)) using backtracking
algorithm; stop if sufficient-decrease condition is violated

14: Remesh the domain Q)

15:Setl < 1+1

16: end for

Objective functional, M
N w = ()] ()] ~

—_
L

o

T T T T T

0 2 4 6 8 10 12 14
Iterations, /

Fig. 10. Example 1: evolution of objective functional, M, during
inversion iterations.
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Table 1. Comparison of reduced gradient versus total derivative for select design variables

Boundary node Nodal coordinates Design variable

Reduced gradient component [Eq. (23)]

Total derivative [Eq. (36)]

1 (0.82000, 0.50000) x coordinate
8 (0.77284, 0.33280) y coordinate
15 (0.64528, 0.21488) x coordinate
21 (0.50000, 0.18000) y coordinate
29 (0.31191, 0.24111) x coordinate
36 (0.20436, 0.37754) y coordinate
43 (0.18394, 0.55006) x coordinate
50 (0.25667, 0.70782) x coordinate
56 (0.37754, 0.79564) y coordinate
62 (0.52511, 0.81901) y coordinate
69 (0.68809, 0.75889) x coordinate
76 (0.79564, 0.62246) y coordinate

0.15224
—0.40818
0.37654
—0.82200
—0.59864
—0.25385
—0.14974
0.75297
0.69408
0.13334
0.55857
0.25157

0.14781
—0.41971
0.36991
—0.83091
—0.61892
—0.24849
—0.15217
0.72701
0.67491
0.13791
0.55116
0.25843
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Fig. 11. Example 1: shape evolution for an omnidirectional target band gap of 3.0 to 6.0 during iterations / = 0, 3,7, 13.

Numerical Results

We present three examples (five cases) involving user-defined
omnidirectional band gaps. In all cases, we consider only the first
eigenmode (i.e., Njode = 1), and we restrict the optimization to
eight out of the 16 independent directions (i.e., Ng;; = 8). These
directions correspond to the I' — X and I" — M paths in each of the
eight subzones of the Brillouin zone. This choice reduces compu-
tational cost, while the resulting designs still exhibit band gaps in
the remaining eight directions as well. We note that all physical
quantities are, henceforth, expressed in normalized, dimensionless,

© ASCE

form: specifically, if @ denotes the side of the unit cell square,
po a reference mass density, and fy a reference shear modulus,
all length dimensions are normalized with respect to a, while the
remaining physical quantities (hatted terms below) are normalized

according to
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Fig. 12. Example 1: real part (Re{k}) of band structure of the diamond cavity shape along IBZ for p = 2 and p = 3.5, and a band gap 3.0 to 6.0: (a) initial

guess; and (b) optimized shape.

Example 1: A Low-Frequency Omnidirectional Band Gap

In the first example, we aim to achieve an omnidirectional band gap
within the frequency range of 3.0 to 4.0 for a material with p =1
and y1 = 1. To this end, we set Ny = 6 and discretize the frequency
range as {3.0,3.2,3.4,3.6,3.8,4.0}. Starting with an initial guess
of a square unit cell containing a concentric circular cavity of
radius 0.315, the band structure of the initial guess is depicted in
Fig. 7 (the shaded region represents the target band gap). We note
that the initial guess is characterized by an imperceptible, highly
localized, band gap close to 3.8. For the design, 80 boundary nodes
were employed, comprising 320 design parameters. The mesh for
this initial guess consists of 1,414 nodes and 2,588 elements, with
e, = 80, ¢; = 2508, and an element size of 0.02513.

Throughout the inversion process, the shape of the unit cell
evolves, gradually forming a partial band gap until reaching a cavity
shape that satisfies the omnidirectional band gap target. The shape
evolution is shown in Fig. 8, where the initially circular cavity
morphs into the rotated square (or rhombus) shown in the figure.

Fig. 9 presents the resulting band structure along the 24 direc-
tions (16 independent) in the eight zones depicted in Fig. 3. Notably,
a common band gap at the target frequency range has been attained
for all directions, confirming the omnidirectional band-gapping
capability of the optimized unit cell featuring the rotated-square
cavity. The optimization process exhibits smooth convergence, as
shown in Fig. 10.

We note that the design variable updates depend on the
reduced gradient [Eq. (17) or Eq. (23)]; to verify the validity
of the expressions involved in the reduced gradient, we also
compared the reduced gradient against a finite-difference-
based evaluation of the total derivative of the misfit for select
design variables. Shown in Table 1 are the results of this
comparison, obtained during the first iteration; for reference,
the total derivative of the misfit is defined as

DM _dM . M

Dr ~ dr " "ia (36)

where 7 = pseudotime (iteration count); and w,, = the pseudovelocity
along the normal direction. The error, mostly due to the finite-
difference approximation of the LHS of Eq. (36), is less than 3.5%.

Next, using the same initial guess, we attempt to widen the target
band gap to 3.0 to 6.0. In this case, the optimizer did not converge
to a shape: this is as expected, because a shape may not always
exist for fixed material properties and any user-defined band gap. To
further illustrate, we modify the background properties to p = 2
and = 3.5 and seek again a shape for the wider gap: this time,
the optimizer converged as shown in Fig. 11; the associated band
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Fig. 13. Example 2: real part (Re{k}) of band structure of a circular
cavity; the shaded zone is the target band gap (initial guess).

structure of the converged shape is shown in Fig. 12 (the band
structure is shown for clarity along the IBZ only, but the gap has
been confirmed in the remaining 21 directions as well).

Example 2: A High-Frequency Omnidirectional
Band Gap

In the second example, we target a band gap at a higher
frequency range, specifically aiming for a gap in the 10.6 to
11.6 range. For this example as well, we set Ny, =6 and
use material properties, p =1 and g = 1. Beginning with an
initial guess of a circular cavity with a radius of 0.355, its
band structure is depicted in Fig. 13; a similar band structure is
reported in Poulton et al. (2000).

Similar to the previous example, the initial guess exhibits a nar-
row band gap in the target frequency range, represented by the
shaded region. For the design, we utilized 100 boundary nodes,
corresponding to a total of 400 design parameters. The mesh gen-
erated for the initial guess comprises 1,588 nodes, and 2,836 ele-
ments, with ¢, = 100, ¢; = 2736, and an element size of 0.02262.
The inversion process is then monitored to track the shape evolution
toward achieving the target band gap, as illustrated in Fig. 14, where
the initially circular cavity evolved into an eight-petal flower-
shaped cavity to attain the user-defined band gap.

Subsequently, the band structure for 24 directions is computed
for the optimized shape depicted in Fig. 14 to confirm that the omni-
directional band gap has indeed been attained. The corresponding
band structures are presented in Fig. 15, which clearly demonstrate
that the optimized shape resulting from the inversion process
successfully achieves the target omnidirectional band gap in the
high-frequency range.
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Fig. 14. Example 2: shape evolution for an omnidirectional target band gap of 10.6 to 11.6 during iterations / = 0, 3,5,7,9, 11.

Next, we examine whether, while using the same initial guess,
a band gap can be achieved, for some shape, in a frequency
range where the initial guess does not exhibit even a partial or
imperceptible gap. The new target is set at 6.0 to 7.0. Using the
same material properties p =1 and p =1 as before, the target
could not be satisfied. Instead, the target gap was attained when
the material properties were modified p = 4.5 and y4 = 5, as shown
in Fig. 16. This is not surprising, since a target gap requires the
synergy of material and geometry to be attained; conversely, for
fixed material properties, there do not exist cavity shapes that
would deliver any user-defined band gap, as illustrated again with
this example.
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Fig. 17 shows the band structure of the initial guess and the
optimized shape satisfying the new target, when p =4.5and =5
(here, too, the band structure is shown for clarity along the IBZ only, but
the gap has been confirmed in the remaining 21 directions as well).

Example 3: Dual Target Band Gaps

In the final example, we address a slightly more complex scenario
involving two simultaneous omnidirectional target band gaps set
at 2.0 to 4.0 and 4.9 to 6.5. The frequency domain is discretized
using Nfeq = 20, with the sampling points chosen to be equally
spaced within both target gaps. The material properties of p =1
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Fig. 15. Example 2: real part (Re{k}) of band structure of the eight-petal flower cavity shape along 24 directions, displaying the target omnidirectional
band gap in the range 10.6 to 11.6.
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Fig. 16. Example 2: shape evolution for an omnidirectional target band gap of 6.0 to 7.0 during iterations / = 0, 2,4, 6.
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Fig. 17. Example 2: real part (Re{k}) of band structure of the six-petal flower cavity along IBZ for p = 4.5, = 5, and a band gap 6.0 to 7.0: (a) initial

guess; and (b) optimized shape.

and p = 1 are used for this case. We begin with an initial guess
featuring a diamond-shaped cavity, whose band structure is depic-
ted in Fig. 18.

The initial guess results in a partial band gap observed in one
of the target regions, but no significant band gap is evident across
most of the shaded area, let alone in both target band gap regions, as
shown in Fig. 18. The evolution of the cavity’s shape is illustrated
in Fig. 19.

The dual target omnidirectional band gap is successfully ach-
ieved with the optimized starfish-shaped cavity shown in Fig. 19.
For this optimized shape, the band structures along the 24 directions
were computed to verify whether the omnidirectional band gap
was attained, as presented in Fig. 20. The results confirm that the
optimized shape successfully achieves the dual omni-directional
band gap target.
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Fig. 18. Example 3: real part (Re{k}) of band structure of a diamond-
shaped cavity; the shaded zones are the target band gaps.
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Fig. 19. Example 3: shape evolution for two omnidirectional target band gaps at 2.0 to 4.0 and 4.9 to 6.5, respectively, during iterations
1=0,2,4,6,8,11.
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Fig. 20. Example 3: real part (Re{k}) of band structure of the starfish cavity shape along 24 directions, displaying the two target omnidirectional band
gaps in the range of 3.0 to 4.0 and 4.9 to 6.5.
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Fig. 21. Example 3: mesh evolution while aiming for dual target band gaps at2.0 to 4.0, and 4.9 to 6.5, respectively: (a) mesh at iteration / = 0: element
size = 0.01952; total elements = 3738; ¢, = 120; ¢; = 3618; total nodes = 2029; degrees of freedom = 1928; (b) mesh at iteration / = 2: element size =
0.01984; total elements =3678; ¢, = 120; ¢; = 3558; total nodes = 1999; degrees of freedom = 1898; (c) mesh atiteration / = 6: element size =0.01999;
total elements = 3647; ¢, = 120; ¢; = 3527; total nodes = 1986; degrees of freedom = 1885; and (d) mesh at iteration / = 11: element size = 0.02012;
total elements = 3581; ¢, = 120; ¢; = 3461; total nodes = 1953; degrees of freedom = 1852.

Table 2. Design variables at selected iterations /

Values at iteration [

Boundary node Design variable [=0 =2 =6 =11
Node A x“W 0.913401 0.921390 0.945388 0.973661
y@ 0.500032 0.500206 0.501461 0.504115
;g(A) —0.000118 —0.000165 —0.000313 —0.000724
;g;“) —1.000000 —1.000000 —1.000000 —1.000000
Node B x® 0.710676 0.720422 0.684237 0.681709
y® 0.710676 0.691127 0.702276 0.692426
tng) 0.707101 0.715068 0.704450 0.723809
tng) —0.707113 —0.699055 —0.709754 —0.690000
Node C x© 0.500017 0.499763 0.497978 0.501435
y© 0.914113 0.921105 0.951444 0.979477
;&C) 1.000000 1.000000 1.000000 0.999633
tg/c) —0.000062 —0.000092 —0.000081 —0.027079

Fig. 21 shows the evolution of the mesh over the inversion iter-
ations: in this case, 120 boundary nodes were used, for total of 480
design variables. The updates of 12 of these variables, correspond-
ing to the three boundary nodes highlighted in Fig. 21, are presented
in Table 2.

Conclusions

We discussed the shape optimization of periodic structures for
controlling wave propagation, with a particular focus on band-
gapping applications.
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We used a simple shape optimization problem, cast over the unit
cell, to demonstrate the methodology. Specifically, we sought to
optimize the shape of a singly connected cavity embedded within
a homogeneous unit cell to satisfy user-defined band gap(s) at
prescribed frequency ranges. In general, the band gaps could be
either directional, occurring only at specific directions or angles
of illumination, or omnidirectional, preventing wave propagation
irrespective of the azimuthal incidence.

We designed the geometry of the unit cell by formulating a
dispersion-constrained optimization problem over the cell’s Bril-
louin zone. The Lagrangian was defined to include the band gap
objective—expressed as the vanishing of the group velocity at
the gap frequencies—along with the unit cell’s Floquet—Bloch
eigenvalue problem as a side constraint. We then applied the
Hellmann—Feynman theorem to express the group velocity in terms
of the Floquet-Bloch eigenvalues and eigenvectors, thereby con-
verting the constrained optimization problem into an unconstrained
one amenable to a standard adjoint method.

To resolve the first-order optimality conditions, we used
finite elements with the cavity’s nodal parameters as inversion
variables, applied Reynolds transport theorem to account for
the evolving cavity boundary, and deployed specialized Hermite-
enriched elements with C' continuity on the cavity boundary to
ensure smooth cavity shapes during inversion iterations while
minimizing band-structure artifacts.

We demonstrated the band gap properties of the shape-optimized
unit cell with three numerical experiments involving omnidirec-
tional band gaps at low- and high-frequency ranges, including a case
with dual band gap targets.

The primary contribution is the expression of the band gap
objective in terms of the vanishing of the group velocity, thus
realizing a multifold benefit: (1) The synergy of Bragg and
local resonance behavior is automatically accounted for in the
design process, without the need for promoting one over the
other; (2) spanning the target band gap is nearly perfect, and
automatic, without resorting to ad hoc procedures; and (3) the
design variables are seamlessly connected to the objective.
Therefore, the process is scalable to more complex metamaterial
wave-control objectives.

The developed shape optimization framework holds promise for
practical applications, particularly in light of recent advancements
in 3D printing technologies, which offer significant advantages
in manufacturability.

Appendix I. Gateaux Derivatives of the Lagrangian £

The Fréchet derivative (Stone and Goldbart 2009), g,, or the
gradient of L, is defined as

. g2 = 8,1 (7
cell
The Gateaux derivative 6,L is defined as

§,L[ul@) = %L_ _ Ll et (38)

The Gateaux derivatives with respect to the adjoint variables
become

8,L]...]®) = Re{P(k)(#,u)} and (39a)
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811 = Sl ~11 = Re{%[az(u, W) — 1]} (398)

Iy

The Gateaux derivatives with respect to the state variables are
6, L[...J@) = 6, M[...]@&) + 6,D[...](&) and (40a)
6 L]...](k) = sM...](k) + &D[...1(k) (40b)

Using Eqgs. (11) and (12), we obtain

Ug

5, M[...](0) = Re{ B Ref{a;(u, )} + 2kRe{ay(u, ﬂ)}}

wag (u, )

+ Re[ ay(u, u) + 2kay(u, u)
wlag 2, w)]*

_ Re{ _ ay(u, ) + 2Refk}ay(u, i) y }
B waO,Z(u’ I/t) §

Re{agx(u, ﬁ)}}vg

+ Re[ ar(u, u) + 2Re{k}ay(u, u)

0G0, 0) %N@4

(41a)

wag o (,u) wag o (u,u) 8
(41b)

6k/\/l[](I€) = Re{_M}Ug — Re{— lgaz(u,u) v }

8,D[...]G@) = Re{P(K)(v, )} + Re{€ar(u, @)}, and  (41c)

&D[...](k) = Refkay (v, u) + 2kkay(v, u)} (41d)

Appendix Il. Computation of the Pseudovelocity

The pseudovelocity w; on an element e € ¢, is defined
[Eq. (20)] as

~ 0s
w,=(n®n g—: = (n®n)d>a—; (42)
where
. [N, 0 N; O H, 0 H; O
& = 2 : 3 : 2 : 3 - 3)
0N, O N; 0 Hy 0 H;
and
e _ 165y 8y, bx. by, 6. 6, 8. 61"
a:[xz Y, X3 Y3 Yy, Yty, “iy, TY3] (44)

The Kronecker-delta-like quantities in Eq. (44) are defined as

1, lf S; = ("'),
o= O € {X5, Y5, X3, Va, 1y, by, Ix s by} (45)

0, otherwise,

It can then be shown that the inner product of the pseudovelocity
with the outward boundary normal n entering Eq. (4) becomes
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ernx, if s = X2
N:‘Jlx, if 8§ = X3
i]zﬂx, if N IXZ
H3l’lx, if 8 = tX3
W, on=x« . ) (46)
Nony, if 5, =7,
N_gl’l,, if 8 = Y3

Han's if N th

k1’:1311 , if 8 = tys

Last, the unit outward normal n to triangle edge 2—-3 is computed by
first obtaining the tangent vector t along this edge, as follows:

t&n) = [?], where (47a)
¥
1 0 a7l 9 ,=Te
8 ﬁ( [ag( X)] 1—£—n=0+[a77( X)] 1—5_34:73)2
=L 9 9Ty B Ts
ty_\/j( [ 9¢ (¥ Y)] l—f—n=0+ [ an (¥ Y)] 1—5—77:0)’
and 47c¢)
1 Iy My
nen === |=|, (48)
x Ty
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